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$f\in \mathbb{C}[x_{1}, \ldots, x_{n}]$ $\mu$-constant
Tjurina Tjurina
(Tjurina stratification)
$f$ $J=\langle\partial f/\partial x_{1},$ $\ldots,\partial f/\partial x_{n}\rangle$ annihilate
$H_{J}$ Milnor $T=$
$\langle f,\partial f/\partial x_{1},$
$\ldots,$













$X$ $\mathbb{C}^{n}$ $O$ $\mathcal{O}_{X}$ $X$ (sheaf), $\mathcal{O}_{X_{-},O}$ $\mathcal{O}_{X}$ (stalk)
$f$ } $X$ $f(x)=0$ $O$
$\mu=$ dimc $(0_{X,O}/ \langle\frac{\partial f}{\partial x_{1}}, \frac{\partial f}{\partial x_{2}}, \ldots, \frac{\partial f}{\partial x_{n}}\rangle)$
Milnor
$\tau=$ dimc $(0_{X,O}/ \langle f, \frac{\partial f}{\partial x_{1}}, \frac{\partial f}{\partial x_{2}}, \ldots, \frac{\partial f}{\partial x_{n}}\rangle)$
$T$ urina $\langle h_{1},$ $\ldots,$ $h_{m}\rangle$ $h_{1},$ $\ldots,$ $h_{m}$ $\mathcal{O}_{X,O}$
Mflnor Tjurina Tjurina
$\tau$ Milnor $\mu$ $(\mu\geq\tau)$ $f$ Milnor Tjurina
( ) $f$ Milnor Tjurina
( ) $f$
([14]) $\mu-\tau$
$w=(w_{1}, w_{2}, \ldots,w_{n})\in \mathbb{N}^{n}$ $n$ $x=(x_{1},x_{2},$
$\ldots,$
$x_{n})$ $\alpha=(\alpha_{1}, \alpha_{2}, , ..,\alpha_{n})$ $x^{\alpha}$ $x_{1}^{\alpha_{1}}x_{2}^{\alpha_{2}}\cdots x_{n}^{\alpha_{n}}$
1 1. $x^{\alpha}\in \mathbb{C}[x]$ $w$ $d$ $d=d_{w}(x^{\alpha}):= \sum_{=1}^{n}w_{i}\alpha_{i}$
2. $f\in \mathbb{C}[x]$ $(d;w)$ $f$
$w$ $d$
3. $f$ $\mathbb{C}[x]$ $\iota xr$ $(f)= \min${$d_{w}(x^{\alpha}):x^{\alpha}$ $f$ } $(ord_{w}(0):=-1)$
$f$ $(d;w)$ $f$ $f=f_{0}+g$
$(d;w)$ $g$ $\sigma rd_{w}(g)>d$ $g=0$
( )
$f$ $g$ upper monomial
57
$f_{0}=x_{1}^{3}+x_{2}^{7}\in \mathbb{C}[x_{1},x_{2}]$ $w=(7,3)\in N^{2}$ $f_{0}$ (21; (7, 3))
21 $f=x_{1}^{3}+x_{2}^{7}+2x_{1}x_{2}^{6}\in \mathbb{C}[x_{1},x_{2}]$






$n\mathcal{O}x(\mathcal{O}_{X}/\langle x_{1},x_{2}, \ldots,x_{n}\rangle^{k}, \mathcal{O}_{X})$
$\mathcal{H}_{[O]}^{n}(\mathcal{O}_{X})$ $(X, X-\{O\})$ $6ech$
$\sum c_{\lambda}[\Pi_{x}1\mp\tau]$
$\mathcal{H}_{[O]}^{n}(O_{X})$
$x^{\kappa}$ $[_{\overline{x}\mp T}1]$ $6ech$
$x^{\kappa}[ \frac{i}{x^{\lambda+1}}]=\{\begin{array}{ll}[\frac{1}{x^{\lambda+1-\kappa}}] \lambda_{1}\geq\kappa_{i},i=1, \ldots,n0 otherwise\end{array}$
$\kappa=(\kappa_{1}, \ldots, \kappa_{n})\in N^{n},$ $\lambda=(\lambda_{1}, \ldots, \lambda_{n})\in N^{n},$ $\lambda+1-\kappa=(\lambda_{1}+1-\kappa_{1}, \ldots, \lambda_{n}+1-\kappa_{n})$
$0$ $f\in \mathbb{C}[x]$ $J=\langle\partial f/\partial x_{1},$ $\ldots,\partial f/\partial x_{n}\rangle$
annihilate $H_{J}$
$H_{J}:= \{\psi\in \mathcal{H}_{[0]}^{n}(\mathcal{O}_{X})|\frac{\partial f}{\partial x_{1}}(x)\psi=\frac{\partial f}{\partial x_{2}}(x)\psi=\cdots=\frac{\partial f}{\partial x_{n}}(x)\psi=0\}$
$T=\langle f,\partial f/\partial x_{1},$
$\ldots,$
$\partial f/\partial x_{n}\rangle$ annihilate
$H_{T}$
$H_{T}:= \{\psi\in \mathcal{H}_{[O]}^{n}(\mathcal{O}_{X})|f(x)\psi=\frac{\partial f}{\partial x_{1}}(x)\psi=\frac{\partial f}{\partial x_{2}}(x)\psi=\cdots=\frac{\partial f}{\partial x_{n}}(x)\psi=0\}$
t $\dim_{C}(H_{J})$ Milnor $\dim_{C}(H_{T})$
Tjurina
[1,5, 16, 17,20] HJ, $H_{T}$ $f$






$f\in \mathbb{C}[x]$ $H$ $f$
$f:H_{J}arrow H_{J}$
58
$Ker(f)=\{\psi\in H_{J}|f\psi=0\}=\{\psi\in \mathcal{H}_{[O]}^{n}(\mathcal{O}_{X})|\frac{\partial f}{\partial x_{1}}(x)\psi=\frac{\partial f}{\partial x_{2}}(x)\psi=\cdots=\frac{\partial f}{\partial x_{n}}(x)\psi=0\}$
$Ker(f)$ Tjurina
$f$ : $H_{j}arrow H_{J}$ $H$ $f$
$f(H_{J}):=\{f\psi|\psi\in H_{J}\}$
2([18]).
















$\mathbb{V}(h_{1}, \ldots, h_{m})=\{t\in \mathbb{C}^{l}|h_{1}(t)=\cdots=h_{m}(t)=0\}$
$I_{1},$ $J_{1}\subset \mathbb{C}[t_{1},t_{2}, \ldots, t_{l}]$ $V(I_{1})\backslash \mathbb{V}(J_{1})$
stratum
$I_{1},$ $J_{1}$ strutum $I_{2}$ , $J_{2}$ stmtum- $(\mathbb{V}(I_{1})\backslash \mathbb{V}(J_{1}))\backslash (V(I_{2})\backslash V(J_{2}))$,
$(\mathbb{V}(I_{1})\backslash \mathbb{V}(J_{1}))\cup(\mathbb{V}\langle I_{2})\backslash V(J_{2}))$ , $(\mathbb{V}(I_{1})\backslash \mathbb{V}(J_{1}))\cap(\mathbb{V}(I_{2})\backslash\mathbb{V}(J_{2}))$ stratum stratum




$\mu$-constant $f_{t}:=f_{0}+g_{t}$ $f_{0}$ $g_{t}$ upper monomial
$g_{t}$ $t=(t_{1}, \ldots,t_{l})$ $f_{\ell}$
Tjurina (Tjurina stratification)
$Am_{\mathcal{O}x.0}(f_{t}(H_{J}))$
1, 2, 3, 4 Tjurina strati cation 1,




:Tj a stratffioetion, Tjurina $Amo_{x}$ . $(f_{t}(H_{J}))$
1. $H_{J}$
$(J=\langle\partial f_{t}/\partial x_{1}, \ldots, \partial f_{t}/\partial x_{n}\rangle)$ ( [8] )
2. 1 $f_{t}(H_{J})$
3. $f_{t}(H_{J})$
4. 3 $f_{t}(H_{J})$ stratum
$\mu$ –( )
$\mu$ Milnor
6. 3 $f_{t}(H_{J})$ stratum [20]
( )
5. $f=x^{3}+y^{10}+t_{1}xy^{7}+t_{2}xy^{8}$ $x,$ $y$ $t=(t_{1},t_{2})$ $\mathbb{C}^{2}$
$f$ $x^{3}+y^{10}$ upper monomial $xy^{7}$ $xy^{8}$




$\{[\frac{1}{xy}],$ $[ \frac{1}{xy^{2}}]$ $[ \frac{1}{xy^{3}}],$ $[ \frac{1}{xy^{4}}],$ $[ \frac{1}{x^{2}y}],$ $[ \frac{1}{x\psi}].$
$,$
$[ \frac{1}{x^{2}y^{2}}],$ $[ \frac{1}{xy^{\epsilon}}],$ $[ \frac{1}{x^{2}y^{3}}],$ $[ \frac{1}{xy^{7}}],$ $[ \frac{1}{x^{2}y^{4}}],$









$\mathbb{C}^{2}\backslash V(t_{1})$ $f(H_{J})=$ Span $\{[\frac{1}{xy^{2}}],$ $[ \frac{1}{xy}]\},$
$V(t_{1})\backslash V(t_{2})$ $f(H_{J})=$ Span $\{[\frac{1}{xy}]\},$
$\mathbb{V}(t_{1},t_{2})$ $f(H_{J})=$ SPan $\{0\},$
4. Milnor $\mu=18$ 3 Tjmlna $\tau$ $t=(t_{1}, t_{2})$
$\mathbb{C}^{2}\backslash \mathbb{V}(t_{1})$ Tjurina $\tau=18-2=16,$
$\mathbb{V}(t_{1})\backslash \mathbb{V}(t_{2})$ Tjurina $\tau=18-1=17,$
$\mathbb{V}(t_{1},t_{2})$ Tjmlna $\tau=18-0=18,$
5. 3 $f(H_{J})$ [20]
$(x,y)$ $w=(10,3)$
$(1>x>y)$ $Am_{\mathcal{O}x,0}(f(H_{J}))$
$\mathbb{C}^{2}\backslash \mathbb{V}(t_{1})$ $\{x, y^{2}\},$
$\mathbb{V}$(tl) $\backslash V$(t2) $\emptyset\{x, y\},$
$\mathbb{V}(t_{1},t_{2})$
6 $f=x^{5}+y^{11}+t_{1}xy^{9}+t_{2}x^{2}y^{7}$ $x,$ $y$ $t=(t_{1}, t_{2})$ $\mathbb{C}^{2}$
$f$ $x^{6}+y^{11}$ upper monomial $xy^{9}$
$x^{2}y^{7}$ Mflnor 40 1 1, 2, 3, 4 upper monomial
$t=(t_{1}, t_{2})$ Tjurina $\ovalbox{\tt\small REJECT}_{T}$
$\mathbb{C}^{2}\backslash \mathbb{V}(t_{1}t_{2}(t_{1}^{2}-4t_{2})(9t_{1}^{2}-22t_{2}))$ Tjurina $\tau=40-6=34,$
$V(t_{1}^{2}-4t_{2})\backslash \mathbb{V}(t_{1},t_{2})$ Tjurina $\tau=40-5=35,$
$\mathbb{V}(t_{1})\backslash \mathbb{V}(t_{1},t_{2})$ Tjurina $\tau=40-5=35,$
$\mathbb{V}(9t_{1}^{2}-22t_{2})\backslash V(t_{1},t_{2})$ Tjurma $\tau=40-6=34,$





$(8_{1}, \ldots, S_{k})$ $g_{t}$ upper monomial $t=(t_{1}, \ldots,t_{l})$
4.1 $f_{\{\cdot,t\}}$
Tjurina stratum ( ) (Tjurina
stratification) $Am_{Ox,0}(f_{t}(H_{J}))$
$( J=\langle\partial f\{\iota,t\}/\partial x_{1}, \ldots,\partial f\{\epsilon,t\}/\partial x_{n}\rangle )$
1
stratum




:f{s,t}: $=$ f{8,o} $+$ gt:
:Tjurina stratffication, Tju la $Am_{\mathcal{O}x.0}(f_{\{\epsilon,t\}}(H_{J}))$





2. 1 $f_{\{\cdot,t\}}$ $f_{\{\epsilon,t\}}(H_{J})$
3. $f_{\{\epsilon,t\}}(H_{J})$
4. 3 $f_{\{\epsilon,t\}}(H_{J})$ stratum
$\mu$ –( )
$\mu$ Milnor
5. 3 $f_{\{\epsilon,t\}}(H_{J})$ stratum [20]
( )
7. $f=x^{3}+sx^{2}y^{4}+y^{12}+t_{1y^{13}}+t_{2y^{14}}$ $x,y$ $(s,t_{1},t_{2})$ $\mathbb{C}^{3}$
$f$ $x^{3}+sx^{2}y^{4}+y^{12}$, upper monomial $y^{13}$
$y^{14}$ MUnor 22 $s,t_{1},t_{2}$ Tjmlna
2 $Am_{\mathcal{O}x,0}(f_{t}(H_{J}))$
62
0. $f$ $f_{\{\epsilon,0\}}=x^{3}+sx^{2}y^{4}+y^{12}$ $f\{\epsilon,0\}$ $\langle\partial f\{\epsilon,0\}/\partial x,$ $\partial f\{\epsilon,0\}/\partial y\rangle$
( $(x>y)$ ) $\langle\partial f\{\epsilon,0\}/\partial x,$ $\theta f\{\epsilon,0\}/\partial y\rangle$
stratum $\mathbb{C}^{3}\backslash V(4s^{4}+27s)$ $\mathbb{V}(s)\backslash V(4s^{3}+27)$





$\{[\frac{1}{xy}] [\frac{1}{xy^{2}}] [\frac{1}{xy^{3}}] [\frac{1}{xy^{4}}] [\frac{1}{xy^{5}}] [\frac{1}{x^{2}y}], [\frac{1}{xy^{6}}] [\frac{1}{x^{2}y^{2}}][\frac{1}{xy^{7}}] [\frac{1}{x^{2}y_{-}^{3}}] [\frac{1}{xy^{8}}] [\frac{1}{x^{2}y^{4}}]$
$[ \frac{1}{xy^{9}}] [\frac{1}{x^{2}y^{6}}], [\frac{1}{xy^{10}}], [\frac{1}{xy^{11}}], [\frac{1}{x^{2}y^{6}}], [\frac{1}{x^{2}y^{7}}], [\frac{1}{x^{2}y^{8}}], [\frac{1}{x^{2}y^{\mathfrak{g}}}], [\frac{1}{x^{2}y^{10}}] [\frac{1}{x^{2}y^{11}}]\}.$
$\mathbb{C}^{3}\backslash \mathbb{V}(s(4s^{3}+27))$
$\{[\frac{1}{xy}], [\frac{1}{xy^{2}}], [\frac{1}{xy^{3}}], [\frac{1}{xy^{4}}], [\frac{1}{xy^{5}}], [\frac{1}{x^{2}y}] [\frac{1}{xy^{6}}] [\frac{1}{x^{2}y^{2}}], [\frac{1}{xy^{7}}] [\frac{1}{x^{2}y^{3}}], [\frac{1}{xy^{8}}], [\frac{1}{xy^{8}}],$















Tjurina [6, 7, 20] $H_{T}$
[8,9]
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